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ABSTRACT 


The main theme of this thesis is to investigate 
the property of a single minimal surface under small 
perturbation. The method consists mainly of finding 
the area of the perturbed minimal surface in a momen- 
tarily static initial hypersurface. According to the 
Israel-Carter conjecture, the perturbed minimal surface 
will eventually settle down to a Schwarzschild (or 
Reissner-Nordstrom) or Kerr event horizon. (In stationary 
spacetime, the event horizon is necessarily the minimal 
surface.) The perturbed minimal surface and the final, 
stationary event horizon are compared and studied. The 
result then shows that the Penrose conjecture of cosmic- 
censorship cannot be violated through this type of 
perturbation. 

Both the Schwarzschild and Kerr initial data are 
studied under the above scheme. However, the Ernst 
formulation for an axisymmetric, (t,%d) reversible space- 
time is found to be unsuitable for this type of investi- 
gation. A new formulation is set up and studied 
extensively. It is found that some advantages of Ernst 
formulation are lost in the new formulation. 

A brief outline of this thesis is listed below: 
Chapter 1 reviews the Cauchy problem in general relati- — 


vity. Equations necessary for later chapters are derived. 
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No “new material resides in this chapter. In Chapter 2, 
the time-symmetric initial value problem is formulated 
for calculation in next chapter. Except for some small 
innovations, it is essentially the same as Brill's 
formulation of time-symmetric gravitational waves. 
Chapter 3 contains the perturbation of the Schwarzschild 
and Reissner-Nordstrom initial data. The area of the 
minimal surface is calculated and is shown to be in 
accordance with Penrose's conjecture. Chapter 4 contains 
the new formulation and the perturbation of the Kerr 
initial data. In Chapter 5, the Israel-Leibovitz theorem 
is generalized to show that the Penrose conjecture holds 
for a charged spherical collapse. 

In the last three chapters, except section II 


of Chapter 3, all materials are the author's own work. 
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NOTATIONS 


In this thesis, the following notations are 


Latin indices range from 1 to 3, 


Greek indices range from 1 to 4, 
ewan poe Viaieere Sol pero) oe 
Signature : 1 
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Commasivs,." <standi.for partial,differentiatiaon, 


i fee A = ey yee 

u,v H 

Strokes "|" and "V" stand for covariant differen- 
tiation. 


The Reimannian tensor is defined by 
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CHAPTER 1 


CAUCHY'S PROBLEM IN GENERAL RELATIVITY 


ihe Wgueietefa th elenleyel 

A brief description of the Cauchy's problem in 
general relativity is given in this chapter, following 
more or less the historical development. Emphasies are 
put on equations that are needed in the other chapters. 
The source of this chapter is mainly from the texts 
and some of the papers listed in the bibliography. 

The Kerr solution and Schwarzschild solution 
represent fields of idealized physical system. For 
more general case, one has to recourse to series solution 
in powers of x4 or other numerical methods. Such a method 
is closely related to the initial-value problem, also 
known as the Cauchy problem. Besides its practical value, 
initial-value problem also brings insights and under- 
standings into the structure of the Einstein field equa- 


tion and the spacetime manifold. 


Uleeeuclassucal Slreatment 
4 
Consider a hypersurface ), labelled x = t 
imbedded in the Riemannian spacetime manifold V. 
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the impression that all ten second time-derivative of 


g can be expressed in terms of the initial data Tuy 


pv 
and Diy, 4 OF v This, however, is deceptive. The 
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Einstein tensor Gy satisfies the Bianchi identity, 


LV 
G = 
More explicitly, 
Cae eee ee Shsmesas bi? 


The highest time-derivative in the right hand side is 
of second order. This then clearly shows that Gar 
cannot contain second-order time derivative. In other 


words, the Einstein equation 
G = - KT (3) 


contains no information about the time evolution of the 
initial data. Instead, it represents a set of cons- 
traints to which the initial data must satisfy. 

The Bianchi identity of (1) combined with the 


Einstein field equation gives 


Following (2), this can be expressed as 
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prescribed freely throughout the spacetime; instead, 
equation (4) must be followed. 

As four of the ten Einstein equations are used 
as constraints, only six of ten Sey can be determined 
by the rest of the Einstein equations. The remaining 
four chy must be set arbitrarily. This arbitrariness 
is an unremovable feature of general relativity reflect- 
ing the principle of covariance, namely that any equation 
of physical law must preserve es form under general 
coordinate transformation. 

To sum up, precribe four arbitrary functions 
for chi (say, 0,0,0,-1) which in turn fixesthe coor- 


dinates, then prescribe S44 and g. on ) an-such a 


ij,4 
way that G = —-kKT holds. One can then proceed and 
y4 y4 


solve the remaining field equations 


As for the prescription of vo besides constraints (3) 


Te also has to satisfy (4). 
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Through the variational principle, one can 
recognize what quantity must be held fixed at the limits. 


This in turn gives one the idea of what initial data to 


prescribe. 
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In the Hilbert (1915) - Palatini (1919) formu- 


lation, the Lagrangian density is taken to be 
R= v-g R (6) 


where R is the Riemannian scalar, and the quantities 
to be varied are the ten components of the metric 


tensor, g, and the forty components of the affine 


uv! 
connection, Pay These quantities are held fixed on -the 
boundary of the spacetime manifold. 

In the Arnowitt-Deser-Misner formulation, the 
spacetime is split into a spacelike hypersurface ) and 
a timelike direction normal to }. The Lagrangian 
density of (6) is expressed in terms of quantities 


Shglievaa gic hen w/e) iF namely the 3-Riemannian scalar, a 


and the extrinsic curvature Sey 1.e. 


1B 


R+ (nen) [(Tr K)?- Tr (K*) ] 
+ covariance divergence . (7) 


The variational principle for vacuum field in ADM's 


language now has the form 
8] Ors (n-n) [(Tr rate tr (K*) ] IN/>g dx, dx,dx,dt = 0 (8) 


where n is a unit vector normal to }), and 
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and N is the lapse function measuring the proper time 


between the two spacelike hypersurfaces, and 


Tr K = Kt. and ieee = KK, ; 


At this moment, we digress to investigate the 
ADM's 3+1 split of spacetime. To construct a spacetime 
manifold from a stack of spacelike hypersurfaces ie one 


needs to know (1) the 3-geometry of Ne Do (2) the 


ae 
lapse function N measuring the proper time between two 
spacelike hypersurfaces, and (3) the shift function N* 
measuring the spatial shift of two corresponding points 


on two adjacent hypersurfaces. In terms of these func- 


tions, the 4-line-element 
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A spacelike hypersurface ) is uniquely specified 
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by a pair of symmetric 3-tensor 555) and Saga ee 
which determine the intrinsic geometry of ye and the 
manner , is imbedded in the enveloping spacetime respec- 


tively. The extrinsic curvature Kos is defined by 


(Israel, 1966) 
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Return to variational principle. By introducing 
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the super-Hamiltonian KY, the super-momentum Jd ~and 
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In this formulation, the quantities to be varied freely, 
but held fixed on the initial and final spacelike 
hypersurfaces, are etl Sad N, and a The first two 
playetne role of initial (ands tinal) mdata on) )jeand the 


latter two play the role of Langrange multiplier giving 


the constraints 


JE = 0 
(22) 
and Re = 0 


Besides providing information about the initial 
data, the main attraction of this formulation, comes 
from its application in the quantization of gravita- 
tional field. For a lucid explanation of this method, 
see Kuchar (1972). 

To sum up, in a vacuum spacetime, the intrinsic 
‘metric di and stherextransic CuLvalLure Kis of a hyper- 


surface ) (t = const) determine uniquely a solution of 
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CHAPTER 2 


TIME-SYMMETRIC IVP 


T- introduction 

In this and subsequent chapters, we turn our 
attention from the general IVP to some specific ones. 
The ones we are interested in are those with time- 
symmetric initial data and those with what Hawking 
(1973) sctermed (t,o) reversible initial data, both on a 
conformally flat spacelike hypersurface. The IVP with 
such symmetries are reformulated to allow detailed 
calculation. Some classes of perturbations on the 
initial data are also calculated in the fashion proposed 
by Penrose in his attempt to construct a naked singu- 
larity. The essential idea was to construct time- 
symmetric initial data which has smaller mass than the 
Schwarzschild solution but with the same, or larger area 
of apparent horizon. Such a case obviously would contra- 
dict Hawking's "second law of Black Hole dynamics" which 
states that in a strongly asymptotically predictable 
spacetime free of "naked Sanguilaritles., = ulceaLodno clad 
black hole must always increase with time. 
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some innovations, the essence of the formulation comes 
from Brill's (1959) investigation on time-symmetric 
gravitational waves. 

ineGhapterteay the perturbation is carried out 
on a time-symmetric, conformally flat spacelike hyper= 
surface ), with Schwarzschild initial data. The 
Reissner-Nordstrom metric is also discussed. Except 
hoOpevecurone lips ingwhich information necessary for 
the rest of the chapter is explained, the main body of 
this chapter contains original work. 

In Chapter 4, initial data with both axisymmetry 
and (t,o) reversal is studied. A new formulation for 
axisymmetric gravitational field is presented. The Kerr 
solution in; this formulation is studied. The perturba- 
tion of Kerr solution is also performed. All informa- 
tions, unless otherwise specified, are original. 

IneChapterne5, thei lsracl—Leibovitz Theorem 
is generalized to charged spherical collapse. The 
result is then used to show that Penrose cosmic censor- 
ship conjecture holds in such a collapse. This chapter, 


like the previous one, is original work. 
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From the palaeolithic cave Paintings to the 
ultramodern pop-arts, symmetry has always been the 
unfailing carrier for beauty, harmony and perfection. 
Though it is universally appreciated, symmetry, as 
beauty, is in the eyes of the beholder. Its understanding, 
hencey1ts definition, varies from crude to refined 
according to the power of perception of the beholder. 
The most general, and mathematically applicable, 
definition is, perhaps, given by Hermann Weyl in his 
book leche Weyl defines symmetry to be the 
property that enables a system to remain unchanged 
after certain operation. In such a case, the system 
is said to be symmetric with respect to such an 
operation. 

Spacetime manifold, on most occasions, admits 
some groups of approximate symmetry transformations. 
Such symmetries can be used to deduce information about 
the metric tensor. We will show how this is done in 


this section. 


Consider the spacetime manifold V with coor- 
*) 


dinate x" and metric tensor Shes 


Under Weyl's definition, the spacetime V is 
said to possess a hidden symmetry if there exists a 


coordinate transformation 
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such that the transformed metric rae is the same 


function of its argument x as the Original metric 


Dy () is of its argument se that sis), Shi is invariant 


in form under such a transformation. 


The two metrics are related by the tensor trans- 


formation formula, 
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g(x’) = g ,(x') —— — . (2) 
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ec is invariant in form under such a transformation, 
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Coordinate transformation that satisfies equation (3) 
is called an isometry. In a more precise mathematical 
language, an isometry is a diffeomorphism ¢:V>V that 
capoples  thesmetric tensor g into Ttseli, that 1s;s the 
mapped metric $¢(g) is equal to g everywhere. 

To expedite physical understanding, we leave 
the general case for a while and treat the special case 


of the infinitesimal transformation 


xt ys XH = yh + enh ; (4) 


For such a transformation, 
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Withee tnieshelpsor (6) Band (7), equation, (3) reduces to, 


up to the order of e«, 
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A simple differentiation gives 
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Equation (8) can thus be written in covariant form 
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The bracket in equation (12) is twice the affine connec- 


GiLon Tse , hence we have 
+ - AS: 
Sipe aha ar 0 (33) 
where 
phe Gohr 4 
uv 3 uv, B 


In covariant derivative form, (13) becomes 


E se ek . (14) 


uv 


This is the well-known Killing's equation, and aH is 
Called the Killing vector. It is not hard to ‘show 
(Hawking, 1972) that equation (14) is the necessary 
and sufficient condition for an isometry, hence the 
hidden symmetry of the spacetime, to exist. In other 
words, if the spacetime manifold admits a vector field 
eethat satasties theskhilling Ss equation, a, Symmecry 


U 
exists. 


TMonremove tne doubt which arises DTromechesuce 
of the special transformation (4), a more general treat- 


ment is given below. 
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Consider the same spacetime V, coordinate x® 


andametricegg =(x-) 
uv 


Any equation 


where a iS a parameter, defines a coordinate transfor- 
mation for each value of a. 

The. set § of all such transformations forms an 

one-parameter eeutinucus group. of wranstormaction, Gwe 
the following group properties are met: 
Gaba) Two such transformations £4, g4 can be combined 
CoOngdiverad third transtormation Of the form of, eq. (15), 
ieecweeree rg belong to the sets) then hi = Vlg (x ead 
also belongs) to §S. 


(2) There exists an identity transformation 


Wwherewae 1S the value of the parameter for such trans— 
O 

formation. 

(3) For every transformation in the set S, a unique 


inverse transformation exists and belongs to the set S. 


Such a transformation (15) satisfies a system of differen- 


tial equations (Eisenhart, 1966) 
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Define a new parameter t by 
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where a. is the value of a for the identity transfor- 
mation. 
In terms of the new parameter t, eq. (16) 


reduces to 
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The identity transformation now has a parameter t = 0. 


Consider x" as a continuous function of t, and if 


tes | is a well-behaved function in a neighbourhood of 


t = 0, ral can be expressed in the form 
7 oil 2-2 2 
xu = XH be Eten ate) . (18) 
t=0 dt 2! 
t=0 dt tee 


but x4 evaluated at t = 0 is just the identity trans- 
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for the similar reason, and using equation (17), we have 
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With these results, equation (18) reduces to 
Bs Wee: 
Kee +4 EB yb + EB (x) SS yee sh SRE C1093) 
B rag 
OX 
An infinitesimal transformation corresponds to 
a change in the parameter t from ty = 0 to t, = dt. 
Hence, rom equation (19); an infinitesimal transforma 
tion has the form, 
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ee He ee) gt + cB (x) ee EE 
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Neglecting (st)? and higher order terms, this gives 


Kegel text) eat es (20) 
Following Eisenhart's notation, we introduce 
Xie=eoee : (21) 
ao 
[This is also known as the Lie derivative of a scalar 
function f along a vector field ee ie = ry &, (£) = Beals 
This quantity Xf is called the generator of the one 


parameter transformation group given by equation (19) 
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tion of equation (20), and the finite transformation 
of (19) is just repeated infinitesimal transformations. 
Since we are interested in spacetime manifold 
with symmetries, consider those infinitesimal transfor- 
mations that leave the metric tensor form-invariant, 
tChateis) the isometric infinitesimal transformation. 


Suppose such a transformation is given by 
MH = yh yp cM gt | 
the condition that ors is form-invariant requires that 


+ E%g =K07O8 (One 


After some juggling, this gives back the Killing's. 


equation 


E Ons 


lo a utes 

Arguing in reverse, we can see, at least crudely, 
the reason why a Killing vector field in the spacetime 
manifold implies some form of symmetry. If a space- 
time manifold admits a Killing vector field ey one 
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which generates a one-parameter continuous transforma- 
tion group. This generator also uniquely determines an 


isometric infinitesimal transformation, 
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ee ee Ar, (23) 


This transformation will then leave the metric form- 
invariant. 

The Killing's equation, being in covariant 
SOrm, wiOlds insall coordinate system. Thus swe can 
choose a very special coordinate in which the Killing 


Vector ele nas the form 
pe = gt, (24) 


That is, we choose the coordinate in such a way that 
one of the basis vectors, say Cue coincide with the 
Reliinge vector &. 

In. this particular coordinate, equation (22) 


reduces to 
g ee ew | (25) 


since 


os AT =O. (26) 


(27) 


In other words, the components of the metric tensor, 


g F is independent of the nae coordinate! This impor- 
vay 
tant result fulfills our earlier claim that symmetry 


of the spacetime can be used to deduce information about 
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the metric tensor without solving the Einstein equation. 


III. Time-Symmetric IVP 

The time-symmetric IVP has been investigated in 
conjunction with various other problems by different 
authors, notably Weber and Wheeler (1957), Brill (1959), 
and Gibbons (1972). 

By time-symmetry, we mean that the spacetime 
admits a spacelike hypersurface ee and an isometry that 
leaves every point on Me unchanged but reverses the 
direction of time for all other points. Consider a 
point P on a future-pointing timelike geodesic orthogonal 
to Wee Suppose the proper distance from P to Ys along 
the geodesic is At. The isometry will map P into P" on 
a past-pointing timelike geodesic orthogonal to dar with 


a proper distance At measured in the reversed direction 
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(see figure 2.1). 
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Under the time-symmetric isometry, the* spacetime 4- 


metric must have the following properties: 


4 ee 4 
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4 
Ji4 (x",x°) = = at (x7 =x ) . (28) 
(4) Lpe4 i 
To see how one arrives at such properties, consider an 
infinitesimal line element ds? in the future region of 
yas In terms of components of the metric tensor, the 


line element is 
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AS(¢) = F445 (* 7x )dx dx +2g,, (x °,x )dx dx + g,,(x",x°) 
Chay e w (29) 


The isometry maps the future line element to a past 

line element with exactly the same magnitude. The 
spatial coordinate of the metric tensor remains unchanged 
while the stime coordinate, “1-e. x reverses its direc- 
tion after the mapping. Hence, the past line element 


has the form 
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Since the magnitude is invariant under the isometry, 


the two line elements must be identical, i.e. 


2 Re: 2 
ds £) = iia ; 


Equation (28) follows when one compares the coefficients. 


Two properties of 534 are obvious from (28), 


namely, 
cr) Ji4 is an even function of Ee 
(2) g is independent of x4 on the initial spacelike 


a) 
hypersurface ya? Eben OG 


An immediate result that follows is that on yas te= 0, 


=i (31) 
ox 
di 


Also from equation (28), one sees that at x4 = 0, that 
is on ya . 
Snne  xe0) =- G54 (Ky-x"=0) 
This is equivalent to 
= (0) on ba : (32) 


This is hardly surprising as the four degrees of freedom 
in Einstein field equation enable one to choose a 
suitable coordinate in which Ji4 is’ 1denticalivezero 
everywhere in the spacetime manifold. However, one must 


peaiize that condition ($2) is a condition imposed by 
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Chemonysical nature (i.e. time-symmetry) of the space- 
time rather than the covariant nature of Einstein field 
of. equations. 

Let us now proceed to investigate how these 
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simplify the constraint equations. 
In the language of extrinsic curvature, the 


initial constraint equations are 
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where N and N are the lapse and shift function respec— 
tively, and are related to the metric tensor by the 


equation 


rs | (36) 
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This relation, with conditions (31) and (32), shows that 


Kis = 0 everywhere on be : (i) 


As Israel (1966) pointed out the extrinsic curvature 
measures the way a hypersurface "bends" with respect 
to the imbedded spacetime manifold. Equation (37) then 
says that the time-symmetric spacelike hypersurface is 
imbedded in a "flat" manner, that is, it does not "bend". 
With this 20/20 hindsight, one can arrive at 
equation (37) with a more elegant argument. The time- 
symmetric isometry maps the unit vector n on ya income 
buecepreserves the orthogonality. One recalls* that 
extrinsic curvature is defined by 
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With the extrinsic curvature identically zero 


everywhere on das the second constraint equation 


imposes a time-symmetry condition on the sources, and 


the first constraint equation reduces to 
Ate Tan : (38) 


To facilitate calculation, we concentrate from now on 


the vacuum case, i.e. 
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Even with a simple equation like ~R = 0, the 


complexity of R still defies detailed treatment. Without 


losing much generality, we further assume that ye is 


conformally flat. The assumption drastically reduces 


the complexity of R. 


Consider two Riemannian manifolds V and V Wastn 


metrics g,. and ca respectively. The manifolds V and 


V are said to be conformal iff the metrics are related 


by 


~ PAG 
Sep canes (40) 
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where © iS any function of x’. ‘Thus a Spacetime is 


conformally flat if its line element obeys 


hl ag ey-Ko) 2 
aSea=ve-< (ds ieee (41) 


2 
where (ds elat is the line element of a flat spacetime. 
It is well-known that the Riemannian scalars R 


and R of the conformal spaces are related by 


ae e °° [R+2(n-1)A,0+ (n-1) (n-2) Ajo] (42) 


where n is the dimension of V, and 


= 
ae oe Pri rv 
Sg” (43) 
A,9o g Yee ths 
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g Beare a ney 
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Instead of using e as the conformal factor, 


: ; 4 
it is sometimes more convenient to express it as yp. 


That is, instead of (40), one writes 


= (44) 
ShyRn p Sane e 
Comparing (40) and (44), one gets 


Or ee CAM Ue 


Substitute this into equations (43), one gets 
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Thus, in terms of wy, equation (42) becomes 


R=y (R+4 ue, (y 


) 
ru |v 


p 


(47) 


For a conformally flat spacelike hypersurface 


ee 
Gig > ¥ (955) eiat 


and 


This reduces (47) to 


R= yp pe eet 48 
R ay p [Reqat =u 8(g play byt! e ( ) 
But Reyat = 0; thus we arrive at 
2 
Panes yd (49) 
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am 
where Vis the Laplacian operator of the flat Space. 
Porsum uprecher initial constramnt equation for 


a time-symmetric spacetime is 
4R= = «T 


et i isycontormally flatiy) this#is»furtherereducedatea 


4 


ay -V7y sesh 


(50) 


where | is the conformal factor. For a vacuum space- 
time, the constraint is simply the familiar Laplace 


equation 


Woes” One (51) 


CHAPTER 3 


PERTURBATION OF THE MINIMAL SURFACE IN 


THE TIME-SYMMETRIC IVP 


Teele rOGuct 1 On 

It is a long established fact, first by Penrose 
(1965) and later generalized by Penrose-Hawking (1970), 
that under reasonable assumptions about spacetime, 
Singularity is an inevitable end-result of a stellar 
object with mass greater than a few solar mass! under- 
going gravitational collapse after its nuclear fuel has 
been exhausted. However, the question whether all such 
Singularities are shielded from external observers at 
future null yanftinity remains unsettled.“ Different 
methods have since been contrived either (1) to cons- 


Peuctla Singularity that 16) VistoLle, nence= chernane 


t Rhodes and Ruffini (1972) placed the upper limit of a 
Staplemneutron stat ats 3.2)solaremass.. Other vauthors 
using various equations of state, arrived at different 
Uppenmbimits. For example, Oppenheimer (1939),0.7 solar 
mass; Cameron (1970),2.4 solar mass; Harties (L972) as oe 


Harrison et al., (1965), 1.2 etc. However, Rhodese! 97 1) 


showed that no stable cold stellar CcConLiguration@is 


possible at stellar mass exceeding 5 solar mass. Beyond 


this, collapse is inevitable. 
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bet iia! 14 oie 5 


Prakedssingulariuy © "to an observer at LALen ey 
(Seifert et al., ITs, 1974)%or 42) to arrive ae 
some contradiction to known laws whose validity based 
on the assumption that no naked singularity exists 
(Penrose, 1971, Gibbons,1972, Hawking, 1973). The 
inability of these methods to obtain a naked singu- 
larity leads to what is popularly known as the "Penrose 
Conjecture of cosmic censor" which states that 
Glhere exists ra (eee censor' which 
forbids the appearance of naked singularities, 
clothing each one in an absolute event horizon." 
Penrose (1969). 
A definate preof of, this,conjecturenissstill non-existing. 
The basic idea behind Gibbons' effort is trying 
to reach a contradiction with Hawking's (1972a) second 
law of Black Hole dynamics which states that ina 
future asymptotically predictable spacetime, which in 
heuristic terms means a spacetime with no "naked 
Singularities", the total area of all event horizons 
Can never decrease. Failing to reach a contradiction, 
Gibbons obtained, instead, an upper limit of the amount 
of energy that can be carried away by Padiaclon jw 00 cl 
electromagnetic and gravitational, during black holes 
SOa wel won. 
In this chapter, we elaborate on Gibbons' method 
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second law by concentrating on the effect of small 
perturbation on the area of the event horizon of a 
single black. holes <Not Surprisingly, the result 
reaffirms the validity of Penrose's conjecture. 

Hence, it seems exceedingly unlikely that such method 
Can be used to contradict the censorship conjecture. 

We obtain, as Gibbons did, an upper limit of radiation 
Peachinganull onting ty gi in terms of the perturbation 


parameter e. 


II. Event Horizon, Minimal Surface and A Theorem 


Event Horizon 
In the Schwarzschild coordinate, the metric, of 


the Schwarzschild geometry is given by 


2 ar? 2 


ds) = ——=— + tie 
2m 


ee ae 
i 


2m a2 
= re char F (a) 


HBromathis@equatron, sit is easy tossee*thattherevent 
Rhorizonmethat tis theSsurtace ofl the®black*hove, eis 


evidently the surface 


But in coordinate system other than the Schwarzschild's 
things are not so apparent since there do not exist 
distinctive time and spatial coordinates like those in 
(1). To avoid confusions which arise from the deploy- 
ment of a particular coordinate system, Penrose and 


Hawking developed a general and precise definition of 
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event horizon that is both coordinate-independent and 
theory-independent in that it does not depend on the 
outcome of general relativity. 

Various experiments have shown that the tra- 
WECvOryyorVlight rayseis "bent" by the gravitational 
field it passes through, and that the degree of bending 
depends®on? thesintensity of the igravitational fields 
It is then reasonable to expect light rays to be 
"trapped" in an extremely strong gravitational field, 
like that of a star going through the final stage of 
collapse. This leads to the concept of "trapped surfaces" 
which, first conceived by Penrose (1965) in his work on 
Singularities, is essential to the idea of event horizon. 
Imagine a massive, transparent star with a light source 
at the center emitting a series of flashes of light. 

For simplicity's sake, assume perfect sphericity. Before, 
and at the carly stage of,;sthescollapse, rthesspherical 
wavefront of the light flash is able to expand contin- 
uously, though the rate of expansion is slightly retarded 
by the gravitational field, so that after a finite time 
interval the light sphere will emerge from the star and 
escapes to null ineinveye Matton a définitionsoth wand 
other notations, see Gravitation). However, as the 
collapse continues and the gravitational field intensi- 


fies, the rate of expansion, the divergence, of the 


eee Oe 

apt itt = alesis ii oe 3 7 
jana aad tome ". 

wrabetect 88 ebskgal deity, aaita wikis 

with wah sonPbsaaety si aeaiee i 

‘+ Ge aiehs sgt soma at 

Bidl* Tencites.veay Wadia pa 

bvugety LealS ould sterile at del 

“Hip taie sihbtse a ‘sepa bay a Syaal 

iwaw Bi ink. (EGG) seonmet ite b Lied 

wl bah, mene "> Boba Seid) Bs TMiahibehe #4. eulyz 

ertice thd Se dilwernd Qapidenonys igo 

Htelp sry, eweels 56 eththe)o a ad p puidinat ite | 4 

ed wae ioarin) eatiiac ., ae w tveherpiansse x0! ey 

et hte ®, Odd Uspyok toe tds)" 4 cee oa wie te bie 1} 

wh setts init of) Shep «s npnt) ster y ai Th sna eat 1g 

Keen “idiiptio)ut Woleuserts! ie oten. colt pth ree 

ond alk 6 AeTia S405 on iin! Lon nga ot he” 

sige gale oi eld SUAGIIN Jide 6. eigk JhpRd Mah 

hee GAd ‘meni: 145 8 SOU) te (ean) 61a 90 sigan | 

md, @o _ Paualvea Vdamaséaagn ae" 


annie igerats vere And his ame s oe: 5 


| baie a8 imme ot sh ae 


Ey 

Fd 
aah 
ae 


_ - ase A 
x 7d 
: = j i “— 


34 


wavefront decreases due to the progressively stronger 
retardation until at a critical size of the star, the 
wavefront will emerge from the star with zero diver- 
gence. The area of this wavefront will then remain 
constant and can never reach igi As the field further 
intensifies due to continued collapse, the divergence 
of the emerging wavefront will acquire a negative value. 
In other words, the emerging wavefront will have an ever 
decreasing area until it hits the singularity with a 
Z2erouarea. “such outbward—pointing null’ surfaces (are. 
the wavefronts) with ever decreasing area are called 
"trapped surfaces". 

In more technical terms, "trapped surfaces" are 
compact, spacelike 2-surfaces whose outgoing, future- 
pointing, orthogonal (to the 2-surface) null geodesics 
converge at every point on the surface. 

Evidently, it is impossible to transmit infor- 
mation from within the trapped surface to an observer 
at infinity. Thus, the existence of a trapped surface 
implies that there is a region in the spacetime within 
which it is impossible to reach future infinity via any 
non-spacelike curve. The boundary OlmaGhaSEcuL— Ol. 
region is the light sphere that avolds both ahi tea ng stie 
Sma tley., ol. Cs converging, or reaching future null 


Meaney, J This boundary then is the event horizon. 
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In Penrose-Hawking's notation, the event horizon is 
written as Segny that is, it is the boundary of the 
domain that can reach gt with a future-pointing causal 
curve. 

A side-remark: The formation of the trapped 
surface, hence the formation of the event horizon and 
Singularity, does not depend on the spherical symmetry 
we assumed at the beginning. A small deviation from 
spherical symmetry does not change the fact that an out- 
going wavefront can be made to converge with a strong 
Gravitational field. This is due to the stability of 


the Einstein equation. 


Minimal Surface 

Before we give the definition of minimal surface, 
let us first introduce the concept of extremal surface, 
or more generally, the extremal hypersurface. 

Consider a manifold ie with dimension n anda 
submanifold Ve With edimenston mm (Mi 1). bet eeies sup 


manifold Ve be defined by the equation 


eo Ge) (2) 


eal 


where xX Care coordinates of het: x are’ coordinates of 


Ve teandsathey dare Now necessarily identical in the region 
m 


Creavess 
m 


ray tc tna he nea. ry, F 
ete, oi nT ey 
drum Ven Breubhie Bee eae 

mor cease lveb shnog A ene 
702 oe ol malt, 244%, wns raisin dad 
oes Ve a tein ww 
iesand hha 9 Ado, ek a a went? 


pe a - 069 


a 


iia Dandie tea aD by vibe ay leben 


Sa Le TE VEO fynador’ a9 pee * ab a 
nemo edeyte fanpxviao ais, vidal xt 


4/76 A addhaghts ary ae det ? ott ryote 
<S Ot? Jot ite= ei «a gatas ion 2 Aaa Oe 


a bai gis od io. SuRU Te aie 


re: . Visg ie MN 
3 Seen) wal, 'S baie Fs Ae an Savona arnt : 
eG Te OAR, fh Beners69 JIE eee Hag 


- un a ‘2 4 


(N@cCezeein this part dealing with minimal surface, 
Greek windices run fromyl to n, and Vatin indices run 


PeOMmeumcOrN, 1. ¢, 
Corina \ah oaenoks re wd a OOM om to 


5 8 RRS = yey emcksey TO ) 


Suppose there exists a closed hypersurface ee in 


ee enclosing a region, called Dia! OL Vere Now consider 


the integral taken over the volume Di! 


r= | L(x x, x7) dhe seo eee! (3) 


D 
m 


a 


Jaa hil 
where <— is some function of oa xo G and x- only. 


v 


If the surface (eq. 2) is perturbed by an infinite- 


Simal amount, 
Seen (co eat ant oa) (4) 
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in order that the integral of (3) be stationary 
with respect to the variation of the type in equation 


(5), we must have 


6I = 0 
or 
af ue 0 (Eo) 


This is, of course, the well-known Euler-Lagrange 
equation. 
The area element of a 2-surface in a Euclidean 


3-space is 


2) axl ax? (9) 


dA = (EG - F 


where E, F, G are coefficients of the 2-metric, 
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2 
dee = Elax’)* + 2F dx-dx 


Likewise, the "area" element of a hypersurface can be 


defined as 


Vg dxt...ax™ 


where g is the determinant of the metric of sthernyper— 


surface. 
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If we take £ in equation (3) to be vg, then 


the integral 


i= | Vg dxtax*...ax™ 
D 


m 
gives the "area" of the hypersurface ae Une Vere 
n 

The hypersurface a is then said to be extremal if 


the Euler-Lagrange equation 


ah cs is (— ES ) = 0 
a emi es (foe en 
yi 


wer wee Gal el cascatistied, 

Having introduced the idea of extremal surface, 
the minimal surface can be defined as a surface which 
is extremal, that is, its first variation vanishes, but 


whose second variation is always positive, i.e. 


§-T >a 


Lemma and Theorems 


We state below a lemma and a theorem by 
Gibbons (1972). The details of the proofs are omitted 


as they are rather straightforward. 


Lemma: Consider a Riemannian manifold V with 
twice differentiable metric. Let ) be a submanifold 


Olav. 


If there exists an isometry 9: V> V that leaves 


every point of ) point-wise fixed, then ) is a totally 


geodesic manifold, and hence an extremal hypersurface. 
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Remarks: (1) A totally geodesic hypersurface is 
a hypersurface on which all geodesics of the hyper- 
surface are also geodesics of the enveloping manifold. 
(2) The proof relies on that if there exists a geodesic 
that lies partially on ie the isometry will map this 
geodesic into two different parts. There will then be 
a point on ) that has two distinct geodesics with the 
Savicmiuttcial tangent. This issimpossible, (mined 
theorem by Eisenhart (1966), he showed that a totally 
geodesic hypersurface is necessarily extremal. (They 
both have vanishing extrinsic curvature.) 

Theorem 1: A compact, orientable two-surface S, 
which is minimal, lying in a three-surface S having non- 
negative Ricci tensor Sey es homeomorphic to a 2-sphere. 

Remarks: (1) Since S is minimal, the second 
variation of the area must be positive, i.e. d*a/at? =U 
where t is the normal direction of S. 

(2) It can be shown that 

a“ a [t- °R = ve + K}dA 

at 
where R is the Ricci scalar, 
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where P is the "genus", or the number of handle the 
surface has. And P = 0 for Sphere ssa ele rorestonus,y 


etc. Therefore the type of surface that allows 
psa > 0 


is the sphere with P = 0. 


III. Perturbation of the Schwarzschild Initial Data 
The perturbation is carried out on a time- 

symmetric, conformally flat, spacelike hypersurface dae 

On such a hypersurface, the initial constraint equation 


reduces to 
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Aye WW =- «Tt, , 


and, in the case of a vacuum field, 
fe WN oy (11) 


The Schwarzschild solution, being a vacuum solu- 


tion to the complete Einstein field equation, is also a 


sobuciron of (11)0. In) isotropic coordinates, 1 reads 
mee 
4 igo eee 
ds*= (1+ ™) [ar?+ r2a9*]- —_= at”. (12) 
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This gives the conformal factor 


y= (1 + 5) (13) 
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The event horizon as well-known has radius and area 
Geee/ 2; A c= varia respectively. 

The event horizon in a time-symmetric spacetime 
isthe minimal surface. Before giving a rigorous 
proof, we take a look at the Kruskal diagram to illus- 
trate the point. 


In its original form, the Schwarzschild metric 


2 
deo <= + x di - (1- 
1b ee 
| e 


2m) at? (14) 
ie 


This can be transformed into the Kruskal (1960)-Szekeres 


(E960) form 


3 a 5) 
ako = (22m Wg 72M ay? ay-) + r7dn7 (15) 


by the transformation 


u = (= - 1)? Ray! cosh (=~) 

EOre oem 
v= (5 Se alae sinh (z=) 
(b= (5 = 1)? Ree! sinh (7) 
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G r/2m 2 2 
(a5 l)e = W 
4m tanh ~ (v/u) fOornersewem 
iC = 
4m tanh ~ (u/v) eohgehe 3S PA: 


In terms of the (u,v) coordinates, the complete 
Schwarzschild with (8,%) suppressed are shown in 
figure 3.1. Each point in the diagram then represents 


a 2-sphere in the spacetime manifold. 


Pugure sock 


Schwarzschild geometry in Kruskal-Szekeres coordinates 


With this diagram, the time-symmetry of the Schwarzs- 


child geometry is self-evident. The time-symmetric, 
spacelike hypersurface ) is the u axis. If one travels along 


the. su) axis from right £0 left, one passes through points 
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(2-spheres) with decreasing r (or decreasing area), 
until r = 2m (the event horizon!) is reached. Further 
left, one again encounters points with increasing r. 
Thus, r = 2m is the minimal sphere i would admit. 
This sphere as well-known is the Schwarzschild event 
horizon with area 167m, 

In the following, we give the proof that the 
event horizon in the time-symmetric hypersurface must 
be the minimal surface. A lemma is needed to complete 
the proof. 

Lemma: If ve is a submanifold of MY, described 


by parametric equations 


and having metrics, respectively, 


h, ,dy*dy? CAR Sn orca: 


Qa 
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and as *= cytes ces (Oy Ce ee pes oT) ey 


let A® be a vector field tangent to ve then the pro- 
jection of the covariant derivative of iN spp) respect 
EC aye onto Nes is equal to its covariant derivative 
with respect to ness 


Symbolically, 
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where 


Proof: Consider a line element in a 
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hs Q B 
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Therefore, it must have 
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Since ox*/dy* form a complete set of m vectors 


tangent to v_, they can be used as a basis for we 


The contravariant basis can then be defined, 
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Simpbarly; 
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Sincesthe vector field Ais tangential to Vial we can 


write 
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The covariant derivative of AY with respect to g B is 
a 


n : 
Vigan? 1tS projection onto V_ is 
m 


a. B ey 1h) QO, 
oe FO pees = Vga (aaa oo as let 


Coe) 


The component of A with respect to Van is invariant under 
a coordinate transformation of x's; thus A; behaves 


; ; fo} : 
like a scalar in x coordinates. Therefore 
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Define a quantity eee =e by Ee Seay ; (19) 


With (18) and (19), (17) becomes 


ey Ea Ne Se (20) 
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If we can show that ae defined by (19) is 
indeed the Christoffel symbol for aay our proof is 


complete. To achieve this, recall that the covariant 


derivative of ae vanishes, 1.ée. 


(n) i. 
V (hy 4) = 08, 


This defines the Christoffel symbol for Hs a en 
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Thesmetric ot a ner is completely determined by the 
Mitr insicucoordinates of ve and hence behaves like a 


scalar with respect to x”, the coordinates of va ee 


therefore can write, 


Keeping this in mind, we have 
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A comparison of (21) and (23) shows that pices as 


defined by (19) is indeed the Christoffel symbol of 8a So 


and hence the proof. 
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Consider a compact orientable 2-surface F imbedded 
in ane Let n be the unit timelike vector orthogonal to 
1 _ 
das and s be spacelike unit vector parallel to Meh but 


orthogonal to F. The future null vector £ is given by 
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Using Sachs (1959) method, together with a 
one can choose three more null vectors, one real and 
two complex, to form a null tetrad. First, Dick’ a 


future null vector k” not parallel to 2® such that 


These two real null vectors form a timelike 2-flat. 
For the (spacelike) 2-surface, i.e. F, orthogonal to 
this, choose two complex null vectors m4} m* parallel 


fOmmeSUChH that 


The four null vectors then span the spacetime. 


The completeness relation then gives 


= mm. + Mem - Like - Lek t (24) 


Now, instead of using mp m°” for the spacelike 2-surface, 
one can use a acl basis for @.  .Bqauatlone (20) cans then 


be written as 


Consider the 2-surface F, the convergence of 


future null geodesics orthogonal to F is given by 
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tf Fyas the marginally trapped surface, 9-= 0; This 
implies 

B 

(B) “ol 6 (25) 
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Since & toes 0. Expressing hey explicitly, 
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The extrinsic curvature of they imbedded in the 


spacetime manifold is defined by 
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By the properties! 


of extremal surface, this implies 
FU1s am extremal \strface,in yee 

Besides being extremal, F is also a minimal 
surface since it is\the only extremal surface, Out- 
side F, one can enclose F in a succession of outer 
closed 2-surfaces. These 2-surfaces must have an area 
larger than F since the asymptotic flatness demands 
that the area of these surfaces be infinitely large as 
r tends to infinity. Hence, F must be the minimal 
surface. This is evident from the Kruskal diagram of 
fig. 4.1 in which F is represented by the intersection 
joloulighe: colic Abarat > aabicrs 

Torsum up, any mMarginally—-trapped 2—-suriace 
in a time-symmetric hypersurface de is a minimal surface. 


Conversely, any minimal surface F in a is marginally 


trapped. For the static case, it is also the event 


t From the definition of extremal surface, one has 
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Eisenhart (1966, Riemannian Geometry, p.178) showed that 
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hor'zonw ‘This theorem can easily be generalized to the 
(t,@) reversible and axisymmetric hypersurface treated 
in Chapter 4. 

With this theorem, we are ready to carry out 
the perturbation. 


Consider a set of initial data on }), repre- 


sented by 


where 
YW = ie ate eF (x,9,), 


€ being a numerical parameter and F, a function of (r,8,6) 
to be specified, and Ve, Ss oO uVveneoy. «(2 3))-. 


The constraint equation (11) requires that 


This implies that F must satisfy the Leplace equation 


VF =0. 


A solution to this equation is 


P.(cos @) 


2 | 
ie 
where m, & are integers and P, (cos @) is the Legendre 


polynomial, Without losing generality, we choose F 


to be 
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With this, the perturbed Schwarzschild metric of (28) 


now looks 


3) EP 4 
Jey bts Bleek os (29) 


2G seal 
Since the geometry of (29) differs from the 
Schwarzschild geometry, the minimal surface also changes. 
If for simplicity's sake, one considers only perturba- 
fionse OL infinitesimal order, i.e. ©€ =~ 0, the minimal 
surface will change by an infinitesimal amount. There- 


fore, we can write 


_ m 2 
DAs et eg, (9) ae g, (8) oe Aes (30) 


where m/2 is the radius of the unperturbed minimal 
surface. 


In general, we write 


With (31), the metric now becomes 
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Cente) (f'- eroy i Ome (35) 


evaluated at r_.., where Vo - ap / of. 
To determine the functions g, (6), G5 (6), aera 
WemnavemcCOASUDStILECULG. Cire, Or fy GMEOn (5) rarely 
min min 
to simplify calculation and mainly because the pertur- 
bation is of infinitesimal order, all terms of order a 
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After some calculation, the Euler-Lagrange 
equation lot (13) reduces to a linear differential 
equation involving only g, (9), 

h : P) (cos 6) 
Ores 1 cot 89-g, + 2(L+%) rrp a 3.0" (38) 
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With this change of variable, equation (38) becomes 


oe. oY Sas 
(1l-x 3, — 2xg, - J, (x) + 2 (24%) cael =" 0. (33) 


In this form, it is easily recognized that the solution 
must be a Legendre polynomial with proper coefficient, 
i.e. 


9) = AP, (x) (40) 


where A iS a constant to be determined. 
To determine A, substitute (40) back to (39). 
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Thus we arrive at the radius of the minimal 


Surface in the perturbed Schwarzschild geometry. The 


radius is given by 


7 L 
rik te P, (cos 6) +0(c*) (42a) 
k™ (2° +241) 
where k = m/2. We are now all set to investigate how 


the area of the minimal surface is affected by this 
type sot perturbation. 
From equation, (32), the area of ‘the minimal 


Surface is given by 


4 


a 2 
nin = 27|¥5 


ay 
(peal aide cusyity ook (43) 


evaluated at ae 


When the area of the minimal surface is evaluated, 
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the following, we will show that the e gq (8) term of Coan 
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(cf equation (30)) enters the area through e« or higher 


order terms. That is, g,(6) is not needed to evaluate 


the area up to <a terms. 
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This, combined with the second term of the integral of 
(46), vanishes because of Euler-Lagrange equation. So 


we are left with 


b 
b 2 ba: 2 
eo eile) ov Olay 0 L 
uae de vig = Pray ge dees ier (48) 
a a O€ 
a 
Twice differentiation of (44) gives 
Keni ere ere ree (49) 


If we can show I. to be independent of Yor Our assertion 


is Justified. Look at (48), the only time Y5 is not 


MubetolLedsby © 15 1n the term 


aT) d@yi> 
Cees ; 
oy ae a 


However, for the Lagrangian (33) we are considering 
IL/dy' = 0 at both limits of integration. Thus, all 
the Y's are accompanied by « at least. This then 
implies that Y> appears only ern I, or higher terms. 

To evaluate the integral of (43), approximation 


procedures similar to those employed before are used, 


with the exception that ee terms are retained. After 
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From the properties of Legendre polynomials, 


one finds the following relations 
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It can also easily be shown that 
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Having these relations at hand, the integral of (50) 
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To sum up results obtained so far: for a time- 
Symmetric initial hypersurface with a Slightly per- 


turbed Schwarzschild 3-geometry, 
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the minimal surface is a sphere with radius 
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Let us take a closer look at the last two 


equations. In equation (58), the minimal area looks 


like that of a Schwarzschild horizon with mass mi=mtZe. 


This is hardly surprising. The perturbed metric for 


this case, % = 0, has a particularly simple form, 
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conformal factor can be rewritten as 


~ m Ze ty 
— cf —= = — 

i mu ae a x 1a Tr (60) 
Whebesm s= 9m + 2e. “in terns. of m’ che perturbedsnerrcic 
is 

(ie Te ee Die? 
ds, = Ua eh lame tr dQe ta. (61) 


This can easily be recognized to be the metric of a 
standard, unperturbed Schwarzschild geometry with mass 
m' measured from infinity. The event horizon of this 


geometry is the minimal sphere with radius 


ig swulege oh Fe 
min p} 2 


and with an area 


2 


Ra Soin elon ee) (62) 


min 


A comparison with (58) reveals that it is actually the 
exact solution. The fact that an exact solution is 
reached when the perturbation is simple renders some 
credibility to this approximation method. 

The perturbation depicted in equation (60) 
can be interpreted as lowering a spherical shell of 


mass 26 quasi-statistically towards a static, spherical 


star or a Schwarzschild black hole. In the case where 


€ has a negative value, this is equivalent to extracting 


way aie vo 
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a spherical shell GUasisstatisticalilay outeto Intima tye 
This of course can only be done before the star 
collapses through the horizon, that is before a black 
hole is formed. Alternatively, this can be viewed as 
adding a shell of negative mass to the black hole. 

iisthe case where)? = 1). the internretation 
is less straightforward and clear-cut. The result 
(57) has the noteworthy feature that it does not have 
terms of order «. In other ee the minimal area is 
independent of the sign of €, but depends only on the 
Magnitude: obec. In addition, thesarce ws stiietlys less 
than the value 16mm irrespective of the choice of e€ and 
Wetas=ilong as £ > 1). This feature, we shall show, 
indirectly confirms the Penrose conjecture of cosmic 
censorship. The conjecture essentially states that a 
singularity which arises from a gravitational collapse that 
starts off from a reasonable non-singular initial state 
can never be observed from infinity. The singularity, 
the conjecture goes, will always be clothed in an event 
horizon. The "big bang" singularity, in principle 
observable (Hawking 1967), does not belong to, this vclass 
Ome nO Wwlak ties. 

It has long been an established fact that stars 
depleted of nuclear fuel but still having more than a 
few solar-mass cannot find an equilibrium=state. A 


massive cold star thus can have no other courses but 
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collapse to form a black hole. If the collapse is 
spherically symmetric, the end result must be a 
Schwarzschild black hole (or a Reissner-Nordstr¢gm 

black hole if the star has charge Q). Small deviation 
from spherical symmetry will not alter this final fate. 
The non-symmetric part will be radiated away in the form 
of gravitational waves (Price 1972). Part of the radia- 
BLoOn will reach infinity, thus reducing the mass of the 
black hole, while the rest will be back-scattered across 
the horizon, thus increasing the mass and area of the 
horizon. It is, therefore, reasonable to expect the 


event horizon with radius 


1, 
r= = Toe te) P (cos 6) 
(=) “(2 a) hied) 
of the perturbed metric 
EP 4 
2 m Q 2, pigs Ps 
= —— + dQ 
ase ee + “at? ifehe 7 } 


will eventually settle down to a Schwarzschild black 


hoLenwech event. Norizon at 


where m. is the final settled-down mass. Because of 


the radiation escaping to infinity, the final mass m, 


must be less than the initial mass mM, i.e. 


nie ae 
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The area of this final Schwarzschild event horizon is 


P2 
l6émm,. 


After the perturbed horizon settles down to a 


new Schwarzschild horizon with mass m. and area eee 


the second law requires 


2 
2 Sacene (141) (2+2) 
16qm,> léT\m - — 
; | (B72 (ant) (224041) 


The amount of mass radiated away is m-m 


efficiency of radiation, a, by 


Ze ah a2 
m 


Taking the square root of (64) gives 


a2 % 
m. > m(l - c ==) 
m 
where we have put 
C= [ 


Zs 


(5) (2041) (274241) 
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With the help of (66), one can place an upper lamer 
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Neglecting higher order terms ,. thiss reduces to 


2 
€ 
(e! . e (67) 


Q 
A 
NS) ae 
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Thus we see that the radiation process cannot Carry away 


A ded eke: 
more than x C —; of Tes Original mass. 
m 


The second law of black hole dynamics (Hawking 

1972) states that in a spacetime containing no naked 
Singularities, 1.€. asymptotically predictable, the area 
Gfeevent horizon can only increase towards~future. ‘in 
hope of searching for a naked singularity, Penrose and 
Gibbons tried, but failed, to reach a contradiction with 
the second law. Their idea is essentially to construct 
time-symmetric initial data that has the same area of 
event horizon of a Schwarzschild solution but with less 
masse =@To settle down to a Schwarzschild black hole, it 
either (1) has to radiate energy towards infinity and yet 
increases its mass, which is physically impossible, or 
(2) it has to decrease the area of the event horizon 
which contradicts the second law. In view of this and 
other results, Hawking (1973) conjectured that a contra- 
diction of this type cannot be reached through Penrose's 
method. 
As already pointed out, the area Of Sees 

less than 16mm? regardless of the choice of 


Str Louly 
Ero: 1). Thus by this method of perturbation, 
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it is impossible to construct an event horizon, having 
an area larger than 16mm but with gravitational mass 


m. This result lends support to Hawking's conjecture. 


IV. The R6éis8sner-Nordstrom Initial Data 
The spacetime manifold containing a charged, 
spherical body with mass m and charged Q is described 


by the Reissner-Nordstrom metric 


2 2m 
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0 
i} dias (68) 

iG 
Since the metric coefficients satisfy the time-symmetry 
condition of (2.28), the RN geometry admits a time- 
symmetric hypersurface De: A Kruskal diagram similar 
to rigure 4.2 can be constructed to exemplify this 
feature. 

As’ in Schwarzschild geometry, the 3-geometry 

of the time-symmetric hypersurface ye is given by the 
Spacrolmpare aot (00) yarl.c. 


Ze = 
Be eee a ic eer ito me (69) 


The RN metric, being a solution to the full Einstein 
field equation, must also satisfy the constraine 


equation 


In order to take advantage of the much simpler constraint 


}, Sey sas & Re 


fiettshanh Ue ce ee 
Suda dave ee fap, 


ait 
bi 


(92) 


Brea tanta pracepunnag 
rind & agen yubancnip Wet ade , HAT pL ae a 
oLimie aeyelh Kaieionse oh ondahdaneaibag et, oh 
aut) qiligghae a Deringens om AP Dede 


a ety ree) bl itcecigueee me BA 
it fepekg 2h) y) SOAP shi IOMy! = zo yeieereens), 
41 {Wipe Be aseg fond 


is See 


PA ee area ae 
the 3-metric of (69) has first to be converted into an 


LSeoenBOOUe .roL°m oles 
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Comparing coefficients of (69) and (70), we get 
Ze. 


44-2 _ pen Q 2 
bpdr = {1 aan Dy dr (7215) 
and 
4-2 2 
bpr =r : (22) 
Eliminate Ue ECOM aly jikancden (ay 2) | 
dae dr 
- ; m as 
a a aE 
is 
This can be integrated to give 
- 2 e 
hire const. — In[i(c-m)ytyr.— 2mr4 0. | 


To determines the constant, one looks at spatial mmitiniry 


where m and Q can be neglected, 


irr eeconst w= sln(ar) , fOr larderr, 


eo ha Const. =) 2 


With this, the transformation between E ander oe caver 


by 
Z 
Fo= d(r-m) + 5(r°-2mr+Q) , (73) 
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and the inverse transformation 


2 2 oka 
eo ee ee le 
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Thus we arrive at the RN metric in isotropic coordinate, 


2 zZ oe 8) oe - 
da, = [(1 + Sy - 27) far? + r2an7} . (76) 
2 4t 


One can now read the conformal factor vp directly from 
C/6).. 

Unlike the Schwarzschild geometry, the space- 
time of RN metric is not vacuum but electro-vacuum., 
To calculate the non-zero energy momentum tensor TN 
one has first to investigate the time-symmetric electro- 
magnetic problem. 

By time-symmetry, one essentially means that the 
physics is invariant. under a time reversion. Consider a 
current of infinite length;a time inversion will reverse 
the direction of the current, hence reversing the mag- 
netic field. The electric field, however, 1S unaffected. 
Therefore, intuitively, one would require that B field 


vanishes with only E field remaining for a time-symmetric 


EM problem. 
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In more precise terms, the Maxwell equations 


in covariant form are 


F + F = 
ab, y Byecr  vosR os (77) 
and 
ih 
— 3, (9g Pw) = oF (78) 
v>g 
where 
F = A - — 
08 plone a lips oe eae one 
ap ay Bo 
EF 6 PR e ae 
AY = (A. ,-9) 
and g® = 0 for electro-vacuum. 
The time-symmetric EM problem is defined by 
B* (x4) dxpax® = F* (xP) axnax? (79) 
a6 aB 
where 
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At t = 0, one therefore must have 


eae a 
Ee 

: mau (84) 
ox t=0 


EoUaeETOM (84) comes, from the fact that at) t = "07k. 7 as 
independent of t and that at t # 0, Fis is an even 
PiUMemLOn. Or | c.. 

Using the definition of the dual electromagnetic 
field tensor (80), one can easily show that (83) and 


(84) are equivalent to 


' 45 
eo and a =0. (85) 
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and since on the time-symmetric hypersurface, all metric 
components are time-independent, it then follows from 


(85) that 


= 0 and Pea i Og 5 (86) 


eh ia 
43,4 £=0 1) |+=9 


To simplify the picture, we further assume that 


the EM field on ). is purely electric, or equivalently 
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With (86) and (87), the EM field equations reduce to 
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The energy momentum tensor of an EM field is 
given by 
Agri sree eH, aay ence thE ee ee 
u HO. mag aeons 


If the EM field is time-symmetric with conformally flat 
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Thus the constraint equation becomes 
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For the unperturbed RN case, equations (88) and (89) 
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Now consider the slightly perturbed RN metric 


with ~ and » given by 
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where Po is the Legendre polynomial, and due Vy functrons 
Ole SOU Ly : 


The perturbed RN 3-metric is given by 
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= 4,2 
2s 0 Vier 0 (94) 
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In terms of ww, ¢, the field equation of (88) reads 
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Similarly, the constraint equation, of (89) can 


be reduced to 


Sie ieite ee io Oe 
Pee) = 7 VeIqglePooy y+ 2Poop poy - t+ EPy sin ¢)/r°] 
id; =] ..2 me) ae 
te Ulan Mure en ead a tar ay ale 
te 
+ Pana dy (98) 
Q 2 
r 
2 2 (241) 
f = Me, - g 99 
where L (py) = pee a oe 5 Jp, (r) (99) 


18 


If we linearize the equations by dropping terms 
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where the operators L and 4 are defined by oo )meand 


Wo} respectively. 

In obtaining the above two equations, we made 
use OLythe fact, that aus = UNE Can be set arbitrarily 
without affecting the time evoliition of the initial 


data-malO.Ssimplify.calculation, swe set, the ee of 


(p) 
the perturbed RN field equal to the unperturbed coat 
For a vivid explanation of this, see, for example, 
Seaw tatLona by MM. .Waa(pp.. 526-528). 
Admittedly, equations (100) and (101) are 
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CHAPTER 4 


THE (t,$) REVERSIBLE IVP AND SOME CLASSES OF PERTURBATION 


Tee cOduUGeL On 

A rotating star with more than two solar-mass 
will undergo gravitational collapse after its nuclear 
fuel is depleted. During the collapse, gravitational 
Bactaton receding tovinfinity. Carries away energy and 
angular momentum. However, it is extremely unlikely 
that all the angular momentum can be radiated away in 
this manner. The final product of such a collapse, as 
one would expect, will then be a stationary rotating 
black hole which must be axisymmetric and (t,9) 
reversible. | Such a black hole must be a Kerr black hole 
according to the Israel-Carter conjecture which has now 
been almost completely established. 

In this chapter, the IVP with both axisymmetry 
and (t,¢) reversal is studied. The IVP is formulated in 
a way that is different from, but parallel to, Ernst's 
(1968) formulation. The formulation sheds some light 
on the relation between the vacuum field equations and 
the constraint equations. However, this clanifacation 
is gained at the expense of complicating other calcu- 
lations. The Kerr solution in this formulation is 


studied. Perturbation of Kerr SOLUbLON 2S CabiagLeaceouL 


to study the properties of the minimal surface. 
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Toate Stationary, Axisymmetric and (t,o) Reversible 
ee tric and (t,9) Reversible 
LVP 
A stationary spacetime with axisymmetry admits 
two one-parameter isometry groups, 9, :V+V and the 


evelic 4 >V *V whose killing vectors can be expressed 


as 
oe = “a 
and 
ae 
in properly chosen coordinates. It then follows that 


in this preferred coordinate, the components of the 
metric tensor is independent of coordinates t and ¢, 
wee, 
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This can be further simplified by imposing the (t,®) 
reversal condition. By (t,¢) reversal, it 1s meant 


that the spacetime is invariant under a simultaneous 


ye Ms! rae 
reversal of (x3, x") to (-x,-x ). This condition 


essentially demands that the black hole be rotating 
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The simultaneous reversal of (x",x ) will then preserve 


tie direction of rotation. 


The line element is preserved under the reversal 
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This is equivalent to the condition that 
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Written in full, the line element now looks 
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2 A208 3,2 As 
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On the initial hypersurface hee t=0, the 3-metric is 
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The extrinsic curvature of le can be calcula- 
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With (5), the initial constraint equations (1-16), (1-17) 


reduce to 
(6) 


From now on, we shall concentrate on vacuum field, i.e. 
atte = 0 everywhere. 

In the following, we give the derivation of IVP 
in Ernst formulation, followed by a brief account of 
Ernst (1968) formulation of the vacuum field equation. 

Following Weyl, we adopt for the stationary, 
axisymmetric, vacuum field the metric, 

\2 


Peete a aiouids \s pe" dh ee) (aera (7) 


where V, i, » are functions of (p,z) only. The corres= 


ponding 3-metric is 


= 4rn 2 2 
ee eo (ao vidz Nee (pe, etal 8) 


This eimo lies ys Ze conformal te 2) 3Jeepace Bienen 


metric 


ds? = en + aor 1" Steer woldd . (9) 


Na  Aeascneaieaiale: ne. 
ee eee ai io 


Cote alee We ali at 
cewhouwne Att pe slat ni Vane a 
aceael ab wean 


ity) Saline Anis ae sagt he <aihoyl st 
helt iy ie i to cade age we 


ob hata = 
ray ie Oe i - 
ete ela 9 eto tl 


aa 


2 Mah 2 
a ; 


Denote the curvature scalar and the metric tensor of Ys 
* 
Dye. cand 935 respectively. 
From (54)-(56) of Chapter 2, the curvature 


scalars of ), and }, are related by 
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eae lit Lee rirys Ss x k 
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For a 3=manifold with orthogonal basis, i.e. 
a4 -HOmtOr i + J, the scalar curvature is) divenmoy 


the simple equation (Eisenhart) 


ieee 
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With these equations, R, is found to be 


5 = 2 
Rn, =e 2" (2tav) +6 1 (ac) - 5 G  (we)"} (15) 


where 
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Following Ernst (1968), replace eer yews 


From (10)-(12), we obtain the scalar curvature of yar 
aS = x = = 
R = fe “‘{2(Av) + G'ac- 5 G2 (ve)? 2 1 (ae) - £77 (VE) 7) 


- e+ (V£VG) - + Tee) an : (16) 


To obtain the constraint equations, we need the 


expression of ie ket in terms of the metric tensor, 
Ky kA = Geno 6G. £7072 (hu? (VE)? + £° (Yo) 7+ 4£w(VE) (Vu) 
EEC CGLe (ya) 4 Ar ucGa ee TEN VC 12 cnc mame 
(Cr) 
where 
-] LS 
Nica ment a 0° £6 : 


Combining (16), (17) gives the first constraint 


eguation for a stationary, axisymmetric vacuum field, 


- - -2 2 -1 | 
OUGe AG = G2 (ac) 2- 2[e tae- £7 (Vf) “1 - £ (VE- VG) 
2 Does 2 
2 5-2 (ye) 24 2 au? (V£)7 + £° (Vu) “- £owG ~ (VG) 
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The second constraint equation Ki; = 0 can be similarly 
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calculated. The calculation is straightforward but 
horrendously lengthy and messy. The effort, however, 


Mem vat deoL fein) the relatively simple form of the out- 


come, 
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2p-wE [fV-£- (VE) 


yay fe ee ee 1 


[A*w+ 2f ~(V£-Vw)] 


es? (19) 
where 
2 1 
A*®* = 99 Sy es 
ele) one) : or 
2 aie il 
Vem SSP 30. oO Pieced aoe . 
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Unlike the time-symmetric, conformally flat Yee 
in Chapter 2, the constraint equations (18), (19) are 
tediously long and almost unmanageable. This difficulty 
is essentially the motivation for the new formulation 
presented in the next section. 

The Ernst (1968) formulation Of Stationary, 
axisymmetric, vacuum field runs briefly as follows. 

The line element is the same as equation (7). 


The vacuum field equation ey = 0 can be 


broken down to 
“1,44 5 eaG) (20) 


-1 42 (an) 
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* e (Vw) (22) 


A*w = -4V\-Vu , (23) 


The last two equations (22), (23) are coupled, 
linear, second order differential equations, and serve 
as the integrability condition for wv. In the rare case 
where exact solutions of } and w are found, wv can be 
Imetegqrated easily £rom (20), (21)... Thus, ‘concentrate 
Onavecys, @023)):. 


Replace ae by £. Equations (22)7 1423) "become 
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equation (25) then becomes the condition for an exact 


differential, i.e. 3P/Ip = 3Q/3z. This means that there 


exists a function 0(p,z) whose total differential can be 


expressed as 
COs Po( 6.20.0 2a ON GarAmeter ec 


The function % is uniquely defined by 
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With (27), the condition that oe mii) can be 


rewritten as 


t 
or 
2 
PV 0n= 2b. VOn= Oe (28) 


The vacuum field problem for an axisymmetric, 
stationary, gravitational field then boils down to 


finding solutions for the coupled differential equations, 
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On theoretical ground, a solution of the vacuum 
field equation Ry = 0 is automatically a solution to 


the initial constraint equation since they are nothing 
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= -= 6 R = O 
ot Ry will 
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Ra aglon 


However, due to the complexity ofsithe Constraints equa 
tionssor (L8)% (19) ,» the anner relation between the two 


sets of equations is far from clear. In hope of finding 


a clearer picture, the author substituted the vacuum 
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Ereloa™colution-of (29) into the constraine equations, 
and found them to be compatible. However, any inner 
relations are completely clouded by the lengthy cal- 
culation. This situation is improved in the new 


formulation. 


Itt. A New Formulation of the Axisymmetric and (t,$) 


BoM Ee ee 


III-1) The new formulation and IVP 

The Ernst formulation of the stationary, axi- 
symmetric, vacuum field problem is characterized by 
two functions f and w. The function f is the Sa4 
component of the metric tensor and fw forms the Tn3 
component. Despite all its advantage, it is clear from the 
last section that it certainly is not the most desirable 
formulation, for IVP. in the following, we presentea 
new formulation based on the 533 and T43 of the metric 
tensor. The IVP equations are stunningly simple in 
this formulation. However, in gaining this simplicity, 
we pay the price of losing some of the advantages of 
Ernst formulation. 

It is almost established that the eventual gravi- 


fatvonal £1eld of a rotating black hole 1s stationary, 


and axisymmetric. To reach such a final state, non- 


stationary processes like gravitational radiation 
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are involved. Throughout this thesis, the perturbation 
analysis employed refers essentially to these non- 
stationary processes. In other words, we are interested 
Tien ral date stat ire only momentarily stationary 

and differ slightly from the final state. In this 
spirit, the IVP will be formulated with axisymmetry 

and (t,?) reversal, with stationary condition assumed 
later on as a special case. 


Similar to section II, an axisymmetric spacetime 


admits a Killing vector field an = oe The metric tensor 
in this coordinate is ¢g-independent, i.e. She ae 0 
a 

where we put x? = 0. The line element is a function of 
x" t) Ol byig et 2.0 

2 A 

asus Tyg (% t) dx dx ® A 

The (t,o) reversal condition then requires 

A A A “ A _ 
C1) Jap l* rt) = gag lx pot); J33 (x rt) = 933 (x ’ ) 

- : (x*t) (x*,-t) 

Jy3 (x pied) Ty3 (x pat)s Taq x Ul Jaa Ud 
A Ape oe co. 

a) Fy (Xt) = -T4y (x olen ee Care ad CUP IOS FAS! 


On the initial spacelike hypersurface yet f= 0 these 


requirements become 


(ely JaB,4 m4 Ugh * 43,4 - J44,4 a 
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Thus, at t = 0, the line element reduces to 


Lian A A. B A ce 4 3 Ane? 
ds (x tex dix wee Ja 4 (x ) (dx~ ) + 2g, 30x dx + gy, (dx ahs 


(30) 


Since the metric of any 2-space can be reduced 


Eomxanesotropic “forme(israe li, 1972)" 


C2 ree 


ds = £(x") [ (dx) - 


leh poi & 


the line element of (30) can be written as 


2 2 2 
pees dos de ee de Comdsde— rae (31) 
where we put G33 = a, Gaz = Mr Ggq = P,. and xt = 0, 
x? = Z, x? = o, x4 = t to simplify the notation. 


The line element of (31) is characterized by 
foumerunccions, “Viz..U, o; lM, cee LO mur thonetacmialtare 


calculation, we define three new functions V, W, 0 by 


p= d-Fln2 (32) 
& = m/2 (33) 
and 
eliy re) , 
tate) © = — det = eG ea 3 (34) 
S43 934 


Lecture notes. 
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With this new notation, the metric becomes 


2 


es eg t.2¥ 


(dp 
(35) 
Notice that the number of functions remains the same, 
i.e. four, but they are changed to 3, 2, &,o instead. 
The corresponding 3-metric for ys is 


SEE Sire ete eee (36) 


The extrinsic curvature from (5) is 


1 | 343 
Roa ON 1923 ‘ane! 
3A 2N (°33°933 A 
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The constraint equation Ki) = 0 can be reduced) to 
g g 
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Substituting (37) into the above equation, one arrives 
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Further simplification gives, 


ine) 
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p p 2 a (39) 
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This equation implies that there exists a function 6 whose 


total differential can be expressed as 


2 2 
si = ES he Remar oe 
op “p 


The function 6 is uniquely defined by 


i cae yi Boa yicrs (40) 
op Cos ze rn: one Ape cee 
With (40), the condition that ay = ae can be rewritten 
as 

Oo ~ 

ee ane =0O. (41) 

uD 

Thus one can view the constraint equation Ki = 0 as 


saying that there exists a function @ which Obeys (41). 
An even more rewarding result appears when one 


tries to reduce the second constraint equation 
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Putting (42) and (43) together, one gets an 


astonishingly simple equation 


5 c(ve)2 + (vd) 
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This new formulation can be summed up briefly 
asetoltows. At t'="0) theline’ element of an axi- 


symmetric, (t,o) reversible spacetime is 
2 2 2 ovo 2 2 
dsu= e YF (axl) + (dx) ] + g,,d¢ + 2g,,dtdé +g,,dt 
Define four functions %, &, v, © by equations (32); (33); 
(34) such that the line element acquires the form, 


; , a 2) en 
as? = 27162” (ap? + az2) + Lad? + 2hidddt -£~ [ (op) “RD at. 


With this, the constraint equations for the initial data 


on Yat t= Ue reduce: to 
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III-2) The stationary vacuum field equation 
In the following, we apply the new formulation 
to the axisymmetric, stationary vacuum field equation. 


The line element can be written as 


2 An? 


Peete di axl) + (axe) pelane > +omax tae serecae ice 
(45) 

The four unknown functions jy, &, m, £ are to be deter- 

mined by the vacuum field equation a = 0. However, 

an ingenious observation by Weyl (1917) helped to reduce 

the number of unknown to three. This is done by first 


observing that the metric of (45) is form-invariant 


under a transformation of the type, 
tee iee= ex) oe de) (46) 


3 4 
and secondly, that the vacuum field equation R3 + Ry = 0 


can be reduced to 


= (47) 
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D2 = - det é (48) 
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Therefore D is a harmonic function. From elementary 


mathematics, one can easily find the conjugate harmonic 


PUNO 2 such that 


et a Pa she ey orc oes (49) 


Denote D by another name ep. Using (49), one therefore 


can always transform the line element of (45) into 
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ds = Bot idee dzale Lado? + 2mdeodt - rae 


where &, m, £ are no longer independent functions, but 


are related by (48), i.e. 
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Similar to (32), (33), we define V and w by 


ayes 
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The line element now has the form 


2 2 
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Comparing (35) and (50), one immediately notices 


that the two metrics differ by a Function, O-— LL) OnemLet 
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cua, equation (50) falls out from 35), eeineeact. 
Oo can always be reduced to 1 for stationary cases 
(see appendix 1). 
Digress to IVP for a moment. BY spULtingeceal 
we obtain the constraint equations for stationary, 


axisymmetric (t,$?) reversible, vacuum spacetime, 
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In the coordinates (0, z, 0, t), the vacuum 
field equation RS + RA = 0 is always trivially satisfied. 


The rest of the vacuum field equations can be easily 


shown to reduce to (Khan, 1964) 
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One should note that only two of the three equations 
COs coe i &( 53) are independent. 


in terms of functions wW, ¥, equation (51) 


becomes 


LA™w + 2RVH-Ve = 0. 


A closer observation shows that this is nothing but 
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From section II, one should immediately recognize (56) 
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The trivially satisfied equation 
A* (p*) = 0 
can be rewritten as 
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With the above two expressions substituted into (59), 


one gets 
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Rather to one's surprise, the vacuum field 
equations in this new formulation come out exactly the 
same as Ernst formulation with f Panacea bY vee thus, 
similar to Ernst formulation, the three unknown functions 


in the line element can be found by first solving the 


coupled equations 
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and then integrate (62), (63) to find 9%. 

Because of the similarity between the two for- 
mulations, some of the desirable features are retained 
from Ernst formulation. For example, one can combine 
the two field equations (64), (65) by introducing a 


complex function é, 
@ = M+ 10 ° (66) 


The new field equation in terms of € is 


~ 


ie Gf TRS eM © (67) 


Furthermore, this field equation can be derived from a 


variational principle, 


where dV is the volume element of Euclidean 3-space. 


III-3) A comparison of the two formulations 

A quick look at the two formulations shows that 
the two sets of vacuum field equations are identical in 
form. If one replaces f by 2 and ¢ by ¢, one goes from 
the Ernst formulation to the other. It therefore seems 
quite incongruous that the two sets OL COnStlrarm Cecgua- 
tions should differ by such a great extent. However, 


a careful examination shows otherwise. 
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If one keeps both f, & and m in the vacuum 
Vv 
field equations a = 0, the symmetry between f and 2 


becomes apparent. The six vacuum field equations are 
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.An interchange of f and & does not affect these equa- 
tions. Thus one can expect the vacuum field equations 
would be identical in both formulations. 

In the initial value problem, such a symmetry 
is manifestly lacking. The constraint equation bases 
itself on spacelike hypersurfaces instead of the com- 
plete spacetime manifold. The Sag component of the 


metric tensor enters the IVP in the form of the 
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Lap) 
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Pree 


belatively insigniticantylapse function Ni— Gee 
Therefore, the simpler the 3-metric, in particular, 

lg 533 component, the simpler the constraint equations. 
In the (2,0) formulation, we essentially compress the 
complexity of 93, in Ernst formulation into two functions 


v and 2, and hence greatly simplify the constraint 
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equations. However, this Simplification is gained over 
the complication of the Jaq Component which turns out 
to be detrimental in finding all the known solutions 


to. the Einstein field equation. 


ive Solutions in the (2,0) Formulation 

To date, the only known axisymmetric, stationary 
solution to the vacuum field equation corresponding to 
the vacuum exterior field of a rotating black hole is 
the Kerr solution. It is commonly believed that this 
is probably the only solution. Thus, it is a great 
disadvantage of the (%,W) formulation that the Kerr 
solution cannot be deduced in a simple, straightforward 
manner as the Ernst formulation was capable of doing. 
By hook and by crook, the expression of @ for the Kerr 
solution in (2,8) formulation is nevertheless obtained. 

it..wase shown.by introducing the complex 
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A straightforward calculation gives 
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With these, the field equation (67) becomes 
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In prolate spheroidal coordinates (A,8,6), the 


Laplacian operator v is given by 
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ep =b sinh Asin 60, Z = b cosh) cos 0) =o... (70) 


Since € is independent of $, equation (69) becomes 


wo ns iL S ~ 
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= 22*[(0,£)* + (a58)71 . (71) 


It is easy to verify that 
(1) Li Eis *a solution of (69)". then 29 is also 
a solution, where A is a real constant, 
(2) that ‘cosh , cos 0, hence 41> cosh, A, 1 cos 
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(3) even though (71) is non-linear, 
cosa cosh") #1" Sina cos 0, “Sin afcosé 2 -cos c-cosh) 
are also solutions. 
However, none of these solutions are asymptotically 
flat, hence have little physical meaning. 
In the following, we obtain, by hook and) by 


erook, the function ® for the Kerr solution. The Kerr 


metric in Lindquist-Boyer coordinate (fF, 6,0) 1s given 


by 
2 
2 
oe = ea eos cere ] 
2 2 
r -2mrt+a 
as 
3a 2 
abs pale es, ASSERTS sin 6 do 


r ta cos 0 


2mr at 


#) 


5 : CY) 
r ta cos @ 


4 in76 
ay mar ao d¢dt - (1 - 


mai cos 6 


a oe 
” 
a 
he 


Sanity shia ea cy * ax! 
osia at 440 Gome’ y een) Wolnedspice A « 7. 


it~ e-res iden & «) 4 atale tpbevtod a ie 
9°" 8a § 


Y wee ol af tee Be: enor <0 im 48 meng veda Mii: 


(00 So eamssetee wat ae 


| 7 i 
~—thaiieten ef (£5) teu: Labial iE te). 
‘ieunowoe 1 2 Oega enka O a60 pie ft SF toon ate ” ; 


1 "4 
enobsu low. oats. oe 


ieolsochgryme ns enelsi bm ofats Fo oes 9 


1 PRS ‘Ade LaeteN sy, wise Ls whet poset . 


~ 


i 
| . 
co bem Hoge Gat bale ou yitawet 1Oa> ers i & a : 


riat oT sd ahaukad | at abt) veh Pino sdeaot wit Sores, 
epyap a Ab 5 ep atic Siagot-seiphbd ni Bis. daa 


101 


The metric of an axisymmetric, stationary spacetime is 


givensby equation (50), ave. 


eee hae. . | 
ds“ = 2-"e~” (dp* + dz*) + 2ao* + 22iagat - fat? (73) 
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where we have f2 + 2% 
Since the Kerr solution is a solution to the vacuum 
field equation irrespective of the formulation, one 
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The Lindquist-Boyer coordinates (r,6,6) are connected to 
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By substituting (74) and (75) into (82), one can show, 


after a lengthy calculation, 


This assures that @ can be integrated from (82) by 
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A simple integration then gives 
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Therefore, for the Kerr solution, we have 
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(85) 
where C is a constant. 
vee Perturbation of Kerr Metric 
V-1) In the (£,wW) formulation of the axisymmetric 


stationary gravitational field, the initial constraint 


equations were shown to be 


Av = - 5 [(ve)? + (V8) *] (44a) 
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The second constraint equation essentially guarantees 
the existence of the function 6. Hence concentrate 
on the first constraint equation. 
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of (p,z) only. The constraint equation then demands 


An = 0 (87) 
(Ohne 

2 2 

a7 Pp) 

a (88) 

ee) Oz 


Define a polar coordinate (u,%) on the 2-surface (oeZ) 
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In (u,¢) coordinates, equation (88) becomes 


where the subscript denotes partial differentiation. 


Using separation of variables, one can easily find a 


solution 
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where n is positive integer. 
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The 3-metric for the perturbed Kerr geometry 
is 
Pies Pd lh aa (igs 
ds = Q- e (S En) (dips Te a at gag? , 
where %,y are given by equations (74) and (78) 


respectively, or 


te ee 2 
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Prevevent horizon in the initial surface of (Ly o) 
reversal remains point-wise fixed under the isometry 
(t,?)—>»(-t,-%). By the lemma in Chapter 3, the event 
horizon is then a geodesically complete submanifold, 
and hence an extremal 2-surface. As the event horizon 
is necessarily the surface with the minimum area, it 
then follows that the event horizon is the minimal 
Surface pin ithe «(t, 0) "reversible anitial hypersurface. 
Theretore, fanding the minimal!) surface is equivalent co 
finding the event horizon. 

In the stationary case, the marginally trapped 
surface, which is both null and stationary, coincides 
with the event horizon. The event horizon is also the 
first horizon an infalling space-traveller encounters. 
The traveller is lost forever to an observer at 


infinity once he crosses this horizon. Combining 
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these two properties, the event horizon can be aLter— 
natively, but equivalently, defined as the outermost 


stationary null hypersurface. 


Der the equatron=tor a hypersurface be 


If the hypersurface is stationary, £(x") must be 
independent of x if it is a trapped surface ina 
geometry with axisymmetry, £(x%) is independent of 
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Thus the event horizon satisfies 
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For the perturbed geometry, this is just 
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This equation, surprisingly enough, is independent of 
the perturbation function n, and is identical with the 
equation of the unperturbed Kerr event horizon. eiliac 


is f(x") = rr, are solutions to equation (94), and 
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that Hear ~ Sepresents «the outermost statzonary, null 


hypersurface. The quantities Wi fare.solutionssto 
Eom tas = 0 sive 
fe =) piles ie ee : (95) 


In contrast to the linearized solution (4-42a) for the 
perturbed Schwarzschild geometry, the equation for the 


minimal surface in the perturbed Kerr geometry, 


is exact, and is independent of the perturbation n. 

With this result, one is tempted into concluding 
that the perturbation does not affect the event horizon. 
However, this is not true as the radius r acquires 
different meanings in the different geometries. The 
Merracrcentains Information of both the geometry and 
the meaning Of coordinates. As’ the metrire* changes, the 
meaning of the coordinates also varies. This can be 
best understood with the following consideration. In 
the Kerr geometry, the hypersurface r = constant repre- 


sents a closed 2-surface with intrinsic 2-metric: 


e 
Asie = (x74+a%cos“8) de* sro oe SMe (96) 
Kerr 
and has an area of 
Zia eae 
in = | eons) “2 dodo . (97) 
Kerr 


Ost a0 


. sf ei nos ti Tom, 


wid sot colon palek eee: veh t ; 
yerchomy er ect-talgarins aria) tt 


vre 
aes - 
iii ses wet 10 ‘eobpngeins bs a ‘ | 


Jinfadunlesed Paget et ore .2met wera 
poms 2 oh Lbie Me's +o: rat pene 

us ORE tagemrV al Mit og 

fit ent, hevy'd ai pa api ngigesl 

pit yoy S494 eilobed lunven bred % 
A ven 22eét ealtevtci» Aptehle7o¢s “tt So 
ed en bpaanstitgs me ted pod sopcerebae 
week Dakdarae et ae Bian Wited ye ott ~yaanmetg coe 
sinuses oPoarmsns aie eo_tatess Geog « 


. . i Soot i ae 
(att obit 74 Al qh Pare "ea i ees al 


2, 


i Ane ee 
at re 
irr Sse en hiss os | he haunt 
" : 


For the perturbed geometry, r = constant also represents 


a closed 2-surface but with a different 2-metric 


2F a2 
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One thus sees that the event horizon of (95) -is “actual Dy. 
different from the Kerr event horizon. To see this 
difference, we calculate the area from (97) and (99) 
POY ea) chive “a = eae The area of/a Kerr event 
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To ensure that e&" remains finite when 6 = 7/2, 
ehoose n = 22 and 
n = ~ : 
rt (m*-a-) cose 


With this choice, a7 0 at 6+ T/ Ze 


Denote A = Walt eee and x = cos 6, equation 
(101) now becomes 
il —€ =-22 
A = 4 nmr, | e ax : (102) 
-1 


To evaluate this integral, we perform a change of 


variable. Let t = eee where a etn Saale then 
eee al 
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Tiewrrrst integral 1s just the gamma function [(1- z 
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and the second integral can be expressed as 


mA [% Q-t4#5-- at... + SEE te at 
0 
aa ho 
22 EET os 
= ¢ | ie R ( ) ( at ) at 
0 n=0 : 
(oe) 1 n Oo n-— ue n+1~ 55 O 
ee ft tape fg! (2? t 
n! Fi n! if 
‘atest t) “ n+1- <= 
0 22 
eo n n+1 
coll 
¢ ) a ———_—_,- (£0 Tee als) ane 
n=0 % n+l1l-= 


au 


Putting these together, equation (103) becomes 
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inieeareasin, this torm (104) ‘can be casily evaluated @by 
computer. A computer program is compiled to this end. 
The program and the numerical result are listed in 


Appendix 2, followed by a brief analysis. 


V2) One can also use the method of Euler-Lagrange 
equation as listed in Chapter 4 to find the minimal 
surface. This method turns out to be less satisfactory 
as it involves extremely lengthy and tedious calculation 
giving an end result that discourages further calculation. 


However, it does exemplify some finer points. |  AwbELer 
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outline of the calculation is listed below. 


The metric of perturbed Kerr 3-geometry is 


given by 
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As in the Schwarzschild case, we expected that, (ele cele) 
first order of €, the minimal surface to be the Kerr 


horizon plus a perturbation term, i.e. 


ee eto) (105) 
where h(8) is to be determined from the Euler-Lagrange 


equation. The area of a closed 2-surface is given by 
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where we have put r = £(@). From here, an unsuspecting 


soul would plunge into calculating the Euler-Lagrange 
equation until he belatedly discovers, to his horror, 
that the Lindquist-Boyer coordinates (r,6,$,t) are 
unsuitable for such calculation. The metric is singular, 
a coordinate defect, at r=r,, and hence cannot be used 
to evaluate the area of the event horizon at i tele 

To alleviate this difficulty, we introduce a 
new coordinate p similar to the isotropic coordinate 


of Schwarzschild geometry by 


ti i (107) 
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In terms of p, equation (105) becomes 
eae éh (6) (108) 


and the area integral of (106) becomes 
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where we have put 90 = g(8), and 
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The complexity of this equation deters a normal person 
from tampering with it. However, if one is brave enough, 
one can proceed to equate the integrand of (109) to the 


Lagrangian density L, i.e. 


L = (integrand of 6(409),) 


and, demand that iL satisfy ~the Euler—-hagrange equation 
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a 
where eTeaa oA means evaluation of dn/dg at 2 er meme 2) 2 


Further calculation shows 
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Therefore, in (111) the term eno11/ 09). 5 is Of order 

oa and can be neglected. Again, as in (105), the 
equation for the minimal surface does not depend on the 
perturbation n. 


With some more effort, the Euler-Lagrange equa- 


tion, can, finally be reduced to 
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This equation, one notices, has a form similar to the 


Mathieu equation (Mclachlan, 1964) 

2 zt 
a (a - 2g cos z) y = 0 
which can be put in the equivalent form 
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Even though it is extremely difficult to inte- 
grate analytically the area of the minimal surface from 
equation (112), it is still possible to get a feel of 
etre 

The new coordinate p is related to the Lindgquist- 


B oyer coordinate by 


Tieswassertion that, op ichanges by order of erat ia 


(equation (108)) then implies that r changes by order 
2 ry 
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The area of the minimal surface goes as %v ae. Nnencerit 
is a good bet that the area will be independent of terms 


of order «. That is the area A will have the form 


where An is the area of the unperturbed Kerr black hole, 


and Ay Some constant. However, the sign and the magni- 
tude OL A, can only be determined by direct calculation. 
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CHAPTER 5 


THE GENERALIZED ISRAEL-LEIBOVITZ THEOREM 


In this chapter, we generalized the Israel- 
Leibovitz (1970) theorem to a charged collapsing sphere. 
This result is then used to show that the Penrose cosmic 
censorship holds for a charged spherical collapse. 

The Israel-Leibovitz theorem (1970) essentially 
states that assuming an everywhere-positive energy 
density, a relativistic spherical collapse can never 
release energy exceeding 100% of its original mass. 

This limit can only be achieved by bringing each layer 
of the star momentarily and simultaneously to rest just 
outside the Schwarzschild radius r = 2m(r,t) correspond- 
Ting etorcne mass, interior to 1t.. “inerealisticecollapse, 
the energy released is well below this limit (Israel, 
the AS Be 

It should be noted that in Newtonian theory, 
the energy released through collapse can be arbitrarily 
large since the gravitational energy is negative and 


unbounded below. 


In the following, the Israel-Leibovitz theorem 


is generalized to include the case of charged spherical 


COllapse. 
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The metric outside a charged sphere can be 


written in curvature coordinates 


2 2 MGA ines ) 
ds*= [1- “AME ar? y rag? - 1 - Al ae? (1) 
el fee ES) 
where A(r,t) = Tne) = and can be interpreted 


as the total mass measured by an external observer ac 
righ en emhey ae 

These coordinates remain non-singular as long 
aS r remains spacelike and a monotonic function of radial 


arc length. These conditions are met provided 
Bay A Grek Bey) ea 2 (2) 


We assume that the local energy density is 


everywhere non-negative, i.e. 


ah eh Us 2» 0 everywhere 


< 0 everywhere. The Einstein field 


This implies Ty S 


equation then gives 


> tO mee (3) 


: 4 : 
In curvature coordinates, G, can easily be shown 


(Synge, 1960) to be 


Aiea 250A Ue) 4) 
Cie Jr : : 


Combine this with (3), one gets 


were? 


> a 


: | 
a ee 


ny i ng ae >, 
ae sg aCe | ees 
in oh “ap en 


uL=—t8, Gwe winery doin ei 


ti kbae Ho ae rd Se & Gink)) 


Pa, Hee ee 


Se ee re ee amin 908° 
oo) etnennine: 


.. ewer eye 1 ae t 
o! 


pele Ab53eh ORT aan Fo “a pre 


crt 
nupie @4.¥ila06 — ‘2 
i 
re tie | 
i 


2 
or sare pee ots (5) 


In the case where the energy released exceeds 
100% of its total mass, the external observer observes 


negative total mass, i.e. 
ACR yt) a 40 (6) 


where R(t) is the boundary of the collapsing star at 
Gime: e. 

inesuch a case, equation (2) 1s4trivially 
satisfied. This in turn guarantees that A(r,t) isa 
Monotonic LUNction “of ry and hence can be integrated 


towards the center from equation (5). This gives 
AX Os We ALR Ger) ps0 ee (7) 


Wobcing A (r,) explicitly, 
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Tnethe above equation, O[R(t),t] = OQ as the total charge 


GOfethes spaere- m|[ R(t) ,tleis the total bare masses Gira) 
is the charge within the radius r. By bare mass, we 
mean the mass measured when the charge is absent. 


Since the O(r,t) % Ay? where p is the charge density, 
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Equation (6) implies m(R,t) < 0: This’ and (9), com- 


bined with (8) imply 
m0) eS m[ Rive) el <1 0, (10) 


This result contradicts with our earlier assump- 
tion that the local energy density is everywhere non- 
negative since m(0,t) < 0 necessarily implies a negative 
energy density in the neighbourhood of r = 0. In other 
words, A[R(t),t] can never be agian. and the effi- 
ciency of energy release is always less than 1003. 

A charged spherical black hole must necessarily 
have Q <M. If in the process of collapse, a charged 
sphere with a charge Q smaller than the initial mass M, 
were able to lose enough mass so that its charge exceeds 
its mass, a naked singularity would be formed. The 
above theorem, however, says this can never happen. 

In the process of collapse, the condition 


AiR(t),t] > 0 must hold. Or writing-A(r,t) explicitly, 
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Since Q(R,t) is the total charge, m(R,t) is the bare 
mass at time t, equation (11) implies that the collapse 
can never go beyond R = 972m. A singularity is thus 


avoided. 
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This, of course, does not mean that an event 
horizon will not be formed. In fact, the minimum 
radius R of (11) is strictly less than the inner 


event horizon of a Reissner-Nordstrom black hole. 


APPENDI XS! 


In equation (4.31), it is shown that the metric 
at t = 0 for an axisymmetric (t,¢) reversible spacetime 


is given by 


2 2 2 2 
ds =e wae +dz) + Lag? + 2md¢dt race (431) 


To further facilitate calculation, three new 
functions, V, &®, oO can be introduced to reduce (4.31) 


to (4.35). The new functions are defined by 


¥=yp + % ln Q (4.32) 
(c= n/a (4, 33) 
5 333 443 4 
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In the following, we show that, theoretically 
at least, there exists a coordinate transformation which 
reduces o to 1, thus reducing the number of unknown 
funetrouscetrom 1Our to, three. 

The (t,o) reversibility is not effected by a 
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dt = dt'r(x") . (A3) 


Substitute into (4.31) gives 


2 2 2 | 
ds* = 6°" (dp“+az7y+ gag + 2mragdt' — er2(aeny2 (A4) 


Introduce new functions U, &', o' by 
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w' = mE / 2 (A6) 
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Compare (A4), (A6),(A7) with (4.31), (4.33), (4.34). 


One finds the correspondence between various functions: 
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In this form, the metric is identical with the 
metric of the stationary, axisymmetric, (t,o) reversi- 


ble case. 
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APPENDIX 2 


In this appendix, we list the numerical compu- 
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where ne rs the “area Of the minimal’ surface in a slightly. 
perturbed Kerr 3-geometry. 

In the computer output, en Le andi ne 
unperturbed minimal surface, i.e. a = 0, has an area 
Of i2% 

Once again, the area of the perturbed minimal 
euriace 16 “strictly ~ less than the unperturbed tarea 
(compare with Schwarzschild case in, Chapter) pe eons 


again confirms Penrose's cosmic-censor conjecture. 
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